We study multiphoton blockade and photon-induced tunneling effects in the two-photon Jaynes-Cummings model, where a single-mode cavity field and a two-level atom are coupled via a nondipolar two-photon interaction. We consider both the cavity-field-driving and atom-driving cases, and find that the single-photon blockade and photon-induced tunneling effects can be observed when the cavity mode is driven, while the two-photon blockade effect appears when the atom is driven. For the atom-driving case (the two-photon physical transition process), we present a new criteria of the correlation functions for the multiphoton blockade effect. Specifically, we show that the quantum interference effect can enhance the conventional photon blockade in the cavity-field-driving case. Our results are confirmed by analytically and numerically calculating the second-and third-order correlation functions of the cavity-field mode. Our work has potential applications in quantum information processing and paves the way for the study of multiphoton quantum coherent devices.
I. INTRODUCTION
The photon blockade (PB) effect [1] , as a typical photon correlation phenomenon, not only has significance in the study of the fundamentals of quantum optics, but also possesses wide application potential in modern quantum devices and quantum information science. So far, there exist two kinds of PB: the conventional photon blockade (CPB) and unconventional photon blockade (UPB), which are based on different physical mechanisms. The former is caused by the nonlinearity in the energy spectrum, while the latter is induced by the quantum interference effect between different transition channels. In CPB, the capture of a single photon in a nonlinear system blocks the excitation of the second and subsequent photons. Thus, a sequence of single photons can be generated and such systems can be implemented as singlephoton source devices. In this sense, PB can change a classical light field into a nonclassical light field. In general, the signatures of PB can be observed from photon antibunching and sub-Poissonian photon-number statistics.
In recent years, great advances have been made in the topic of PB. On one hand, the CPB effect has been theoretically investigated in a variety of quantum systems, e.g., cavity quantum electrodynamics (QED) systems [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , circuit-QED systems [16] [17] [18] , the Kerr-type nonlinear cavities [1, [19] [20] [21] [22] , optomechanical systems [23] [24] [25] [26] [27] [28] [29] , and other systems [30] [31] [32] [33] [34] . The CPB effect has also been experimentally demonstrated with a single atom trapped in an optical cavity [3] , a quantum dot in a photonic crystal cavity [4] , and a single superconducting artificial atom coupled to a microwave transmission-line * jfhuang@hunnu.edu.cn † jqliao@hunnu.edu.cn resonator [16, 17] . On the other hand, the UPB effect has been theoretically studied in the coupled Kerr-type nonlinear cavities [35] [36] [37] [38] [39] [40] [41] , cavity-QED systems [42] [43] [44] , coupled optomechanical systems [45] [46] [47] , and other systems [48] [49] [50] [51] [52] . The UPB effect has also been experimentally demonstrated in an optical microcavity coupled to a single semiconductor quantum dot [53] and in a superconducting circuit consisting of two coupled resonators [54] . Previously, the studies on PB are mainly aimed at the single-photon blockade (1PB). Most recently, the twophoton blockade (2PB) has been experimentally [55] and theoretically [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] investigated in various configurations. The 2PB means that the resonance absorption of two photons in a nonlinear system will suppress the transmission of the subsequent photons. Such systems with 2PB can be used for two-photon source devices. In addition, the photon-induced tunneling (PIT) with photon bunching has also been explored in a photonic crystal cavity coupled to a quantum dot [4, [68] [69] [70] , optomechanical systems [71] , and other systems [63, 67] , i.e., the absorption of the first photon favors that of the second or subsequent photons. PIT has been observed experimentally in Refs. [4, 68, 70] .
Based on the physical picture of multiphoton blockade, a nature question is: what is the influence of the multiphoton physical transition processes on the multiphoton blockade effect? To study this question, in this work we propose to study the multiphoton blockade effect in the two-photon Jaynes-Cummings (JC) model [72] [73] [74] [75] [76] , which describes the nondipolar two-photon interaction of a single bosonic mode with a two-level system. This model has become an interesting and important research topic in quantum optics and quantum information sciences [77] [78] [79] [80] [81] [82] . The strong nonlinearity induced by the nondipolar interaction gives rise to many important quantum effects at the level of few photons. We will consider the PB effects in this system by driving either the cavity field or the atom. When the cavity mode is arXiv:1911.03857v1 [quant-ph] 10 Nov 2019 ωc (d) |ɛ 4 driven by a classical light field, we find that the 1PB and PIT effects can occur in this system, while the 2PB effect cannot appear. In particular, the 1PB effect induced by the destructive quantum interference between the two different paths can also be observed in the non-resonant case. Furthermore, we investigate the 1PB and 2PB effects in the atom-driving case by numerically calculating the second-and third-order correlation functions of the cavity field. We find that the 2PB effect can be observed when the atom is driven, while the 1PB effect cannot occur.
The rest of this paper is organized as follows. In Sec. II, we introduce the two-photon JC model. In Sec. III, we present the criteria of the nPB and PIT effects. In Secs. IV and V, we study the photon blockade effects in the cavity-field-driving and atom-driving cases, respectively. Conclusions will be given in Sec. VI.
II. MODEL
We consider a two-photon JC model [ Fig. 1(a) ], which is composed of a single-mode cavity field coupled to a two-level atom via a nondipolar two-photon physical interaction [82] . The Hamiltonian of the two-photon JC model reads ( = 1)
whereâ † andâ are the creation and annihilation operators of the single-mode cavity field with the resonance frequency ω c . The operatorsσ + = |e g| andσ − = |g e| are the raising and lowering operators of the two-level atom with an energy separation ω 0 between the excited state |e and ground state |g . The last term in Eq. (1) denotes the nondipolar two-photon-process interaction between the cavity field and the two-level atom with the coupling strength J. Note that the two-photon JC model can be implemented with superconducting circuits [82] . It is generally believed that the CPB effect is caused by the anharmonicity of the eigenenergy spectrum. To study the PB effect in the two-photon JC model, in the following we calculate its eigensystem and analyze its energy spectrum. In the two-photon JC model, the weighted excitation number operatorN = 2σ +σ− +â †â is a conserved quantity due to the commutative relation [N ,Ĥ 2pJC ] = 0. The subspaces corresponding to the weighted excitation number N = 0, 1, 2, 3, ···, n, ··· are spanned over the basis states {|g, 0 }, {|g, 1 }, {|g, 2 , |e, 0 }, {|g, 3 , |e, 1 }, · · ·, {|g, n , |e, n − 2 }, · · ·, where |n (n = 0, 1, 2, · · ·) denotes the number states of the cavity-field mode.
In the zero-excitation subspace, the eigensystem can be obtained asĤ 2pJC |ε 0 = ε 0 |ε 0 with the eigenstate |ε 0 = |g, 0 and the eigenvalue ε 0 = 0. In the oneexcitation subspace, the eigensystem can be written aŝ H 2pJC |ε 1 = ε 1 |ε 1 with the eigenstate |ε 1 = |g, 1 and the eigenvalue ε 1 = ω c . In the n-excitation (n ≥ 2) subspace, the eigensystem can be expressed asĤ 2pJC |ε n± = ε n± |ε n± , where the eigenvalues and eigenstates are, respectively, defined by
and
g,n |g, n + C
The superposition coefficients in Eq. (3) are given by
e,n−2 = cos θ n ,
with the mixing angle θ n defined by
In the resonant case ω 0 = 2ω c , the eigenvalues and eigenstates of the system are reduced as ε n± = nω c ± n(n − 1)J and |ε n± = (±|g, n + |e, n − 2 )/ √ 2, respectively.
For studying the 1PB and 2PB effects, we consider the weak-driving case in which the Hilbert space of the cavity field can be truncated up to n = 4. Figure 1(b) shows the eigenenergy spectrum of the HamiltonianĤ 2pJC versus the atomic frequency ω 0 in units of the cavity-field frequency ω c in the subspace associated with zero, one, two, three, and four photons for J/ω c = 0.08. Obviously, the eigenenergy spectrum of the system is anharmonic in the vicinity of the resonance point (ω 0 ≈ 2ω c ), which means that the PB effect is more evident around the resonance point. In Fig. 1(c) , we show the eigenenergy spectrum of the HamiltonianĤ 2pJC in the resonant case ω 0 = 2ω c . Below, we study the 1PB and 2PB effects in this system by driving either the cavity,
Here Ω (Ω L ) and ω d (ω L ) are the driving strength and driving frequency of the cavity field (atom), respectively. When the driving frequency ω d matchs the energy separation ω c between the first excited state |ε 1 and the ground state |ε 0 , the single-photon transition (|ε 0 → |ε 1 ) becomes resonant, but the subsequent transitions (|ε 1 → |ε 2± ) induced by the second photon are blockaded due to the anharmonicity of the eigenenergy spectrum. This indicates that the 1PB effect can occur in this system. Similarly, when the driving frequency 2ω d (ω L ) matches the energy-level differences 2ω c ± √ 2J between |ε 2± and |ε 0 , the two-photon transitions (|ε 0 → |ε 2± ) become resonant, while the subsequent transitions (|ε 2± → |ε 3± ) are blockaded, i.e., the 2PB effect can be observed in this system.
In the weak-driving case, the transition amplitude between two states is proportional to the ratio of the transition matrix element over the transition detuning. The transition behavior in this model induced by the driving terms can be analyzed by calculating the transition amplitudes between the involved energy levels in the eigenstate representation. In Figs. 1(d) and 1(e), we show the transition matrix elements between different energy levels in the resonant case ω 0 = 2ω c when the cavity field and the atom are driven, respectively. In the following we will discuss the details of the corresponding transition matrix elements in these two cases.
When driving the cavity mode, the transitions can occur between different energy levels in the neighboring subspaces. For the transitions |ε 0 → |ε 1 and |ε 1 → |ε 2± , the transition matrix elements are, respectively, T |ε0 →|ε1 = Ω ε 1 |â † |ε 0 = Ω and T |ε1 →|ε2± = Ω ε 2± |â † |ε 1 = Ω, with the corresponding energy separations ω c and ω c ± 2 √ 2J. For the transitions from the n-excitation (n ≥ 2) to the (n + 1)-excitation subspaces, the transition matrix elements can be obtained by [55] T |εn+ →|ε (n+1)± = Ω ε (n+1)± |â † |ε n+
where the eigenstates of the system are |ε n± = (±|g, n + |e, n − 2 )/ √ 2 [ Fig. 1(d) ]. The corresponding energy separations between these states are
Based on the energy separations, we can calculate the driving detunings in the cavity-field-driving case.
In the atom-driving case, the transitions from the nexcitation (n ≥ 0) subspace to the (n + 2)-excitation subspaces can occur, while the transitions between different energy levels of the neighboring subspaces are forbidden. Hence, the 1PB effect cannot be observed because the transition |ε 0 → |ε 1 is forbidden, i.e., T |ε0 →|ε1 = Ω L ε 1 |σ + |ε 0 = 0. For the transitions |ε 0 → |ε 2± , the corresponding transition amplitudes can be obtained by calculating the transition matrix ele-
The energy separations between the state |ε 0 and states |ε 2± are 2ω c ± √ 2J. For the transitions from the n-excitation (n ≥ 2) subspace to the (n + 2)-excitation subspace, the corresponding transition amplitudes can be obtained by
which indicate that all transitions have equal transition amplitudes Ω L /2 [ Fig. 1(e) ]. The corresponding energy separations are ε (n+2)± − ε n+ =2ω c ± (n + 2)(n + 1)J − n(n − 1)J, (9a) ε (n+2)± − ε n− =2ω c ± (n + 2)(n + 1)J + n(n − 1)J.
Similar to the cavity-field-driving case, the driving detuning in the atom-driving case can be analyzed by comparing the energy separation between these states and the resonance frequency of the driving light. In our following discussions, we will analyze the locations of the peaks and dips in these correlation functions by calculating the resonance conditions for single-and multi-photon transitions.
III. CRITERIA OF THE nPB AND PIT EFFECTS
The physical picture of the nPB and PIT effects can be explained by analyzing the photon-number distribution P n ≡ |n n| and the equal-time nth-order correlation function g (n) (0) ≡ â †nân / n n , withn =â †â being the photon number operator. For an ideal nPB, the absorption of the first n photons blocks the entrance of the subsequent photons. Therefore, the photon-number distributions corresponding to a perfect nPB satisfy [55] P m = 0, for m > n, (10a) P n = 0,
with the normalization condition ∞ n=0 P n = 1. The condition of this perfect nPB is hard to achieve in experiments. In order to observe the nPB effect, Hamsen et al. [55] proposed two criteria. The first criterion is based on a comparison between the photon-number distributions and the Poisson distributions of a coherent state. In this case, the criterion is defined by
where P n are the Poisson distributions defined by
with n being the average photon number. Equation (11) indicates that the probability of n photons is enhanced and the probabilities of other photon numbers (> n) are suppressed for the nPB effect. The other criterion is based on the equal-time nth-order correlation function g (n) (0). In the case of weak driving, the mean photon number is very small, i.e., n 1. The criteria of the correlation functions for the nPB effect are [55, 63] 
which means the nth-order super-Poissonian photon statistics or Poisson photon statistics, and the (n + 1)thorder sub-Poissonian photon statistics. For instance, the correlation functions g (2) (0) ≥ 1 and g (3) (0) < 1 are satisfied for the 2PB effect. The correlation function g (2) (0) 1 is a signature of the 1PB effect. On the other hand, for PIT, the absorption of the first photon favors that of the second or subsequent photons, so the PIT effect is usually characterized by the super-Poissonian photon statistics. Obviously, the process of PIT is inverse to the PB. Therefore, we refer to PIT if the nth-order correlation functions g (n) (0) > 1 (n = 2, 3) are satisfied in the weak-driving case [63] . Note that the criteria of PIT have been analyzed more detailed in Refs. [4, [67] [68] [69] [70] [71] .
It should be mentioned that the criteria of the nPB in Eq. (13) and PIT are mainly used for the single-photon physical transition process. In the two-photon JC model, the single-photon physical transition process occurs when the cavity field is driven, while the two-photon physical transition processes, namely the creation or annihilation of two photons, happen when driving the atom. Hence, we propose that the criteria of the correlation functions for the nPB effect in the two-photon physical transition process should be
For instance, in the atom-driving case, the correlation functions g (2) (0) ≥ 1 and g (n) (0) < 1 (n = 3, 4) are satisfied for the 2PB effect, and the PIT effect can be characterized by the conditions of g (n) (0) > 1 (n = 2, 3, 4).
IV. PB IN THE CAVITY-FIELD-DRIVING CASE
In this section, we study the PB effect by analytically and numerically calculating the second-and third-order correlation functions of the cavity mode in the cavityfield-driving case.
A. Analytical results
When the cavity field is continuously driven by a monochromatic weak field, the driving Hamiltonian is described byĤ
where Ω and ω d are the driving strength and driving frequency, respectively. Then the total Hamiltonian of the system becomeŝ
In a rotating frame defined by the unitary operator exp[−iω d (â †â +σ z )t], the Hamiltonian of the system be-comesĤ
witĥ
is the detuning of the cavity-field (atomic) frequency with respect to the driving frequency. In the low-excitation subspace, the HamiltoniansĤ (I) 2pJC andĤ 2pJC have the same eigenstates, but the eigenvalues should be replaced by ε 0 = 0,
To include the influence of the dissipations of the cavity field and the atom on the PB effect, we phenomenologically add the imaginary dissipation terms into Hamiltonian (17) as followŝ
where we have assumed that the cavity field and the atom are connected with two individual vacuum reservoirs, with κ and γ being the corresponding decay rates.
In the weak-driving regime (Ω κ), we truncate the Hilbert space of the cavity field up to n = 3. In this subspace, a general state of the system can be written as
where the coefficients C sj (t) (s = g, e and j = 0, 1, 2, 3) are the probability amplitudes. Based on the Schrödinger equation i|ψ(t) =Ĥ eff |ψ(t) , we obtain the equations of motion for these probability amplitudes as
Equation (21) can be approximately solved by using a perturbation method. Under the weak-driving condition (Ω κ), we have the approximate scales
To approximately solve Eq. (21), we discard the higher-order terms in the equations of motion for the lower-order variables. Then the equations of motion for these probability amplitudes become
We assume C g0 (0) = 1, then the steady-state solution of Eq. (22) can be obtained by setting ∂C sj /∂t = 0 as
where we introduce the variables
Based on Eq. (23), we obtain the steady state of the system, then the equal-time second-and third-order correlation functions can be expressed as
where the photon-number distributions are given by
with the normalization constant
For the weak-driving case, this normalization constant can be omitted because of N ≈ 1.
indicates the sub-Poissonian (super-Poissonian) photon statistics. In particular, the 1PB effect can be observed when the twophoton probability is significantly suppressed in the system. It follows from the relation g (2) 
1 is a signature of the 1PB effect. In this low-excitation subspace, a case corresponding to a perfect photon blockade is C g2 = 0, which means that there are no two-photon probability in the cavity. The parameter condition for this perfect 1PB effect can be obtained as
In the bare-state representation, there is only a path leading to the two-photon excitation |g, 0
Therefore, the optimal parameter condition can be explained based on the destructive quantum interference between the two different paths (|ε 0 → |ε 2± ) [34] . The detailed analysis of the destructive quantum interference will be given in the next section.
In the 2PB case, the resonant absorption of two photons will suppress the absorption of the third or subsequent photons. Hence, the 2PB effect is characterized by the correlation functions [55, 63] 
which imply the second-order super-Poissonian photon statistics or Poisson photon statistics, and the third-order sub-Poissonian photon statistics.
B. Numerical results
In order to confirm our analytical results, we numerically calculate the equal-time second-and third-order correlation functions of the cavity mode. Numerical computations were performed using the Python package QuTiP [83, 84] . We assume that the cavity and the two-level atom are connected with two individual vacuum baths. Then the dynamics of the system is governed by the quantum master equation
whereρ(t) is the density matrix of the system,Ĥ
sys is the Hamiltonian defined in Eq. (17) , and κ (γ) is the decay rate of the cavity (atom).
By numerically solving Eq. (31), we can get the steady-state density operatorρ ss of the system, and then the photon-number distributions P n=0,1,2,3 = Tr[|n n|ρ ss ] can be calculated.
The second-and third-order correlation functions can also be obtained by g (2) 3 , respectively. For studying the PB effect in this model, we consider both the resonant (ω 0 = 2ω c ) and non-resonant (ω 0 = 2ω c ) cases. In Fig. 2(a) , we plot the photon-number distributions P n=0,1,2,3 as functions of the cavity-field driving frequency ω d /ω c in the resonant case ω 0 = 2ω c . The colored solid curves are plotted based on the analytical results given in Eq. (27) . We see in Fig. 2(a) that the relations P 0 ≈ 1 and P 0 P 1 P 2 P 3 in the weak-driving case. In addition, there is a peak located at ω d /ω c = 1 in the curve of the single-photon probability P 1 (green solid curve), while there are a dip and two peaks in the curve of the two-photon probability P 2 (red solid curve), with the locations ω d /ω c = 1 and 1±J/( √ 2ω c ), respectively. By analyzing the energy spectrum of this system, we find that the locations of these peaks in the curves of P 1 and P 2 are determined by the single-and two-photon resonance transitions |ε 0 → |ε 1 and |ε 0 → |ε 2± , respectively. To be clearer, we mark these peaks in the curves of P 1 and P 2 as p 0,1 and p 0,2± . In the curve of the three-photon probability P 3 (yellow solid curve), we see that there are five peaks located at ω d /ω c = 1, 1 ± J/( √ 2ω c ), and 1 ± √ 6J/(3ω c ), respectively. The locations of the two main peaks p 0,3± are determined by the three-photon resonance transitions |ε 0 → |ε 3± , while the rest three peaks are induced by the single-and two-photon resonance transitions, and hence the locations of the three peaks are the same as those of the three peaks in the curves of P 1 and P 2 . The dip in the curve of P 2 can be explained by the destructive quantum interference between the two different paths (|ε 0 → |ε 2± ) of the two-photon excitation. Thus, we mark this dip as d int,2 . To prove this point, in the following we will present a detailed analysis on the influence of quantum interference effect in the eigenstate representation on the photon-number distributions.
In the eigenstate representation, a general pure state of the system in the low-excitation subspace can be expressed as
According to the Schrödinger equation i|Ψ(t) = H eff |Ψ(t) , we can obtain the equations of motion for these probability amplitudes D i (t) (i = 0, 1) and D js (t) (j = 2, 3 and s = ±) (see the Appendix). The steadystate solutions of these probability amplitudes can be obtained using the perturbation method. The zero-photon (one-photon) probability can be expressed as
The twoand three-photon probabilities can also be obtained as
where the first two terms in Eq. (33a) are the twophoton probability of the non-quantum-interference contribution, the rest terms (cross terms) are induced by quantum interference between the two different paths of the two-photon excitation. To confirm the quantum interference effect, we show the non-quantum-interference part (gray dotted curve) of the two-photon probability P 2 as a reference in Fig. 2(a) . Here we see that the two peaks in the curve of P 2 have an excellent agreement with those of the non-quantum-interference result, while this dip d int,2 in the curve of P 2 becomes a peak in the non-quantum-interference result. Therefore, the dip in the curve of P 2 can be explained based on the destructive quantum interference between the two different paths (|ε 0 → |ε 2± ).
To seek an optimal cavity-field driving frequency of the 1PB, in Fig. 2(b) we plot the second-order correlation function g (2) (0) versus the cavity-field driving frequency ω d /ω c . Here the red solid (blue dotted) curve represents the numerical (analytical) results, while the gray dotted curve is the analytical result of the nonquantum-interference part. From Fig. 2(b) , we see that the analytical result has an excellent agreement with the numerical result, and that the two peaks of the nonquantum-interference result can also match well the analytical and numerical results, but the dip cannot. It is shown that the non-quantum-interference result can predict the location of the optimal driving frequency, but the exact value of g (2) (0) cannot be obtained. In addition, we find that the locations of the dip d 0,1 and the two peaks p 0,2± in the curve of g (2) (0) correspond to single-and two-photon resonance transitions, respectively. In the single-photon resonance case, we can observe the 1PB effect, i.e., g (2) (0) 1. In the two-photon resonance case, we see that g (2) (0) > 1. To further investigate the 2PB effect, we show the third-order correlation function g (3) (0) versus the cavity-field driving frequency ω d /ω c in Fig. 2(c) . According to the expression of g (3) (0) ≈ 6P 3 /P 3 1 , we find that the locations of the dip d 0,1 and the four peaks (p 0,2± and p 0,3± ) in the curve of g (3) (0) correspond to the single-, two-, and three-photon resonance transitions, respectively. In particular, the correlation functions exhibit g (2) (0) > 1 and g (3) (0) > 1 at 1 ± J/( √ 2ω c ), which is a signature of PIT in the twophoton resonance case. Figure 3 (a) displays P n=0,1,2,3 as functions of ω d /ω c in the non-resonant case ω 0 = 1.4ω c . Here we can see that there is a peak p 0,1 in the curve of P 1 located at 
/2 between |ε 2± and |ε 0 . The peak p 0,1 is induced by the single-photon resonance transition. We point out that there is a dip d int,2 located at ω d /ω c = 0.7 in the curve of P 2 , which disappears in the non-quantum-interference result (gray dotted curve). Here, the location of the dip in the curve of P 2 is different from that of the peak in the curve of P 1 , different from the results in the resonant case ω 0 = 2ω c . In the curve of P 3 there are five peaks located at ω d /ω c = 1, [3.4 ± 0.36 + 8(J/ω c ) 2 ]/4, and [5.4 ± 0.36 + 24(J/ω c ) 2 ]/6, respectively. The locations of these peaks (p 0,1 , p 0,2± , and p 0,3± ) match with those of the single-, two-, and three-photon resonance transitions. Moreover, the two dips d int,3 in the curve of P 3 are induced by destructive quantum interference between the two different transition paths (|ε 0 → |ε 3± ) of the threephoton excitation, which can be confirmed by comprising the analytical result with the non-quantum-interference result (gray dotted curve).
In the non-resonant case ω 0 = 1.4ω c , we analyze the optimal cavity-field driving frequency of 1PB by showing g (2) (0) as a function of ω d /ω c in Fig. 3(b) . It follows from the relation g (2) (0) ≈ 2P 2 /P 2 1 that there are two dips in the curve of g (2) (0) which is a signature of the 1PB effect. One of the two dips d 0,1 corresponds to the single-photon resonance transition, the other dip d int,2 is caused by destructive quantum interference between the two different paths |ε 0 → |ε 2± . To further explain the quantum interference effect, we show the analytical result of nonquantum-interference part (gray dotted curve). We find that the dip d int,2 caused by quantum interference effect disappears in the non-quantum-interference result. In Fig. 3(c) , g (3) (0) is plotted as a function of ω d /ω c . We find that the locations of the four peaks (p 0,2± and p 0,3± ) in the curve of g (3) (0) correspond to two-and three-photon resonance transitions, respectively. While the three dips (d 0,1 and two d int,3 ) in the curve of g (3) (0) are caused by the single-photon resonance transition and the destructive quantum interference between the two different paths |ε 0 → |ε 3± , respectively. Moreover, the relations g (2) (0) > 1 and g (3) (0) > 1 indicates that PIT can be observed in the two-photon resonance case.
With regard to the analysis of the non-resonant case, we only consider a particular case in Fig. 3 . A more comprehensive analysis of the non-resonant case is shown in Fig. 4(a) , in which we show log 10 g (2) (0) as a function of ω d /ω c and ω 0 /ω c . It is clear that the optimal parameter conditions to observe the 1PB effect are ω d /ω c = 1 and ω 0 /ω d = 2, respectively, i.e., ∆ c = 0 and ∆ 0 = 0. The condition ∆ c = 0 can be explained based on the singlephoton resonance transition |ε 0 → |ε 1 , and the condition ∆ 0 = 0 can be interpreted by C g2 = 0 corresponding to destructive quantum interference between the two different paths |ε 0 → |ε 2± . The white dotted curves (red areas) represent the two-photon resonance transi-tions |ε 0 → |ε 2± . We observe that g (2) (0) > 1 in the two-photon resonance case. In order to further investigate PIT in the non-resonant case, log 10 g (3) (0) is plotted as a function of ω d /ω c and ω 0 /ω c in Fig. 4(b) . It can be seen that g (3) (0) < 1 in the single-photon resonance case ω d /ω c = 1. The white (black) dotted curves represent the two-photon (three-photon) resonance transitions. The green areas in regimes I and II between the white and black dotted curves are induced by destructive quantum interference between the two different paths |ε 0 → |ε 3± of the three-photon excitation. Obviously, we see that g (3) (0) > 1 under the two-photon resonance transitions. Therefore, PIT can be observed in the two-photon resonance case because of g (2) (0) > 1 and g (3) (0) > 1. To see more clearly, the correlation functions g (2) (0) (blue solid curves) and g (3) (0) (red dashed curves) are plotted versus ω d /ω c at different values of ω 0 /ω c in Figs. 4(ce). To be clearer, we mark the locations of these dips and peaks in the curves of g (2) (0) and g (3) (0) with the resonance transitions and the destructive quantum interference. Obviously, we observe that g (2) (0) 1 at the locations of the single-photon resonance transition and the destructive quantum interference between the two different paths |ε 0 → |ε 2± , respectively. We also find that g (2) (0) > 1 and g (3) (0) > 1 in the two-photon resonance case. This implies that the 1PB effect and PIT can occur by driving the cavity, while the 2PB effect cannot occur in this case. In addition, the numerical results indicate that the dips d int,3 induced by the destructive quantum interference between the two different paths |ε 0 → |ε 3± disappear in a range around ω 0 /ω c = 2 (roughly from 1.4 to 2.6).
Our results can also be confirmed by comparing the photon-number distributions P n=0,1,2,3 and the Poisson distributions P n=0,1,2,3 . In Fig. 5 (a) we plot P n=0,1,2,3 (colored solid curves) and P n=0,1,2,3 (colored dash-dotted curves) as functions of ω d /ω c in the resonant case ω 0 /ω c = 2. Figure 5(b) is a zoomed-in plot of P 1 and P 1 versus ω d /ω c . At the two-photon resonance transitions (ω d /ω c = 1 ± J/ √ 2ω c ), the single-photon probability is suppressed because of P 1 < P 1 , while the two-and three-photon probabilities are enhanced due to P 2 > P 2 and P 3 > P 3 . This means that PIT occurs by driving the cavity in the two-photon resonance case. To further illustrate PIT, we show the relative deviations of the photon-number distribution to the standard Poisson distribution with the same mean photon number at ω d /ω c = 1 ± J/ √ 2ω c in Fig. 5(c) . Here we can see that the relative population grows as the photon number increases, which is another signature of PIT.
We proceed to investigate the influence of the coupling strength J/ω c and the cavity-field decay rate κ/ω c on the 1PB effect. In Figs. 6(a) and 6(b), we plot the secondorder correlation function g (2) (0) as a function of J/ω c at different values of ∆ c /ω c (∆ 0 = 0) and ∆ 0 /ω c (∆ c = 0), respectively. Here we see g (2) (0) 1, which means that the 1PB effect can be observed. We also see that g (2) (0) decreases monotonically as J/ω c increases. This implies that the 1PB effect is more obvious with the increase of the coupling strength. The reason is that the stronger coupling will cause larger energy nonharmonicity, and makes it more difficult to induce the multiphoton excitation. In addition, we find that the 1PB effect becomes weak as the detunings (∆ c and ∆ 0 ) increase.
The second-order correlation function g (2) (0) is plotted as a function of κ/ω c at different values of ∆ c /ω c for ∆ 0 = 0 in Fig. 7(a) and at different values of ∆ 0 /ω c for ∆ c = 0 in Fig. 7(b) . Clearly, we find that g (2) (0) 1 in the optimal parameter conditions, namely, ∆ 0 = 0 and ∆ c = 0. This implies that the 1PB effect can be observed. In addition, the second-order correlation function g (2) (0) increases monotonically with the increasing of κ/ω c , which means that the cavity-field decay rate attenuates the 1PB effect. Similarly, we find that the 1PB effect becomes weak with the increase of the detunings ∆ c and ∆ 0 .
V. PB IN THE ATOM-DRIVING CASE
In this section, we study PB effect in the atom-driving case by numerically calculating the second-and thirdorder correlation functions of the cavity-field mode. 
A. Theoretical analysis
When a monochromatic weak driving field is applied to the atom, the driving Hamiltonian is described bŷ
where Ω L and ω L are the driving strength and driving frequency, respectively. In this case, the total Hamiltonian of the system readŝ
In a rotating frame defined by the unitary operator exp[−iω L t(â †â +σ z )/2], the Hamiltonian of the system becomeŝ
where ∆ c = ω c − ω L /2 (∆ 0 = ω 0 − ω L ) is the detuning of the cavity-field (atomic) frequency with respect to the driving frequency. By numerically solving quantum master equation ( can be obtained as
By analyzing these correlation functions, we can study the PB effect and PIT for the cavity photons.
B. Numerical results
When the atom is driven, the 1PB effect cannot be observed due to the transition |ε 0 Ω L −→ |ε 1 is forbidden. In order to prove it, we show log 10 g (2) (0) as a function of ω L /ω c and ω 0 /ω c in Fig. 8(a) . The white dotted curves represent the two-photon resonance transitions |ε 0 Ω L −→ |ε 2± . Clearly, we observe that g (2) (0) > 1 in the entire parameter area which implies the 1PB effect cannot appear by driving the atom. Different from the cavity-field-driving case, two photons can be produced when driving the atom. To further study the 2PB effect, log 10 g (4) (0) is plotted as a function of ω L /ω c and ω 0 /ω c in Fig. 8(b) . The white (black) dotted curves correspond to the two-photon (four-photon) resonance transitions, namely, |ε 0
At the two-photon resonance transitions, the correlation function g (4) (0) < 1 for some parameters. This means that the 2PB can be observed by driving the atom in the two-photon resonance case, i.e., g (2) (0) > 1 and g (4) (0) < 1. To see more clearly, in Figs. 8(c-e) the correlation functions g (2) (0) (blue solid curves), g (3) (0) (red dashed curves), and g (4) (0) (green dash-dotted curves) are plotted versus ω L /ω c at different values of ω 0 /ω c . Here we find that the locations of these dips d 0,2± in the curves of g (2) (0) correspond to two-photon resonance transitions, while the locations of these dips d 0,2± and peaks (p 1,3± and p 0,4± ) in the curves of g (3) (0) correspond to two-, three, and four-photon resonance transitions, respectively. In the curves of g (4) (0), the locations of these dips d 0,2± and peaks p 0,4± correspond to two-and four-photon resonance transitions, respectively. From Figs. 8(c-e), we find that the 2PB effect can occur in the grey areas due to g (2) (0) > 1 and g (n) (0) < 1 (n = 3, 4). The yellow area of Fig. 8 (c) corresponds to PIT due to g (n) (0) > 1 (n = 2, 3, 4). It is noteworthy that the blue area of Fig. 8(d) indicates the enhanced two-and four-photon correlations [g (n) (0) > 1 (n = 2, 4)] and the suppressed three-photon correlation (g (3) (0) < 1).
The 2PB effect can also be confirmed by comparing the photon-number distributions P n=0,1,2,3 and the Poisson distributions P n=0,1,2,3 . In Fig. 9 (a) we plot P n=0,1,2,3 (colored solid curves) and P n=0,1,2,3 (colored dash-dotted curves) as functions of the atomic driving frequency ω L /ω c in the resonant case ω 0 /ω c = 2. Figure 9(b) is a zoomed-in plot of P n=1,2 and P n=1,2 versus ω L /ω c . We see in Fig. 9 (a) that there are two peaks p 0,2± in the curve of P 1 (green solid curve) located at ω L = 2ω c ± √ 2J, which corresponds to the population of the |ε 1 induced through the Raman processes |ε 0 Ω L −→ |ε 2± κ −→ |ε 1 . The physical processes involve the transitions |ε 0 → |ε 2± at the atomic driving frequency ω L = 2ω c ± √ 2J, and the decay process |ε 2± → |ε 1 . In the curve of P 2 (red solid curve), we see that there are two peaks p 0,2± located at ω L = 2ω c ± √ 2J, i.e., the twophoton resonance transitions. In the curve of P 3 (yellow solid curve), we see that there are six peaks (p 0,2± , p 0,4± , and p 1,3± ) located at ω L = 2ω c ± √ 2J, 2ω c ± √ 3J, and 2ω c ± √ 6J, respectively. The two peaks p 0,4± are induced by the processes |ε 0
, and the two peaks p 1,3± are induced by the processes
Similarly, we mark the locations of these peaks in the photon-number distributions P n=0,1,2,3 . At the locations of the two-photon resonance transitions (ω L = 2ω c ± √ 2J), we see that the single-and three-photon probabilities are suppressed due to P 1 < P 1 and P 3 < P 3 , while the two-photon probability is enhanced because of P 2 > P 2 . This indicates that the 2PB effect can be observed by driving the atom. To further illustrate the 2PB effect, in Fig. 9(c) we display the relative deviations of the photon-number distribution to the standard Poisson distribution with the same mean photon number at ω L = 2ω c ± √ 2J. We observe that only the value of the two-photon relative population is greater than 0, i.e., P 2 > P 2 , which implies that the 2PB effect can appear in the atom-driving case. We also analyze how the 2PB effect depends on the coupling strength J/ω c and the cavity-field decay rate κ/ω c . In Figs. 10(a) and 10(b), the correlation functions g (2) (0) and g (3) (0) are plotted as functions of J/ω c at different values of ω 0 /ω c in the two-photon resonance case ω L = [2ω c + ω 0 − (2ω c − ω 0 ) 2 + 8J 2 ]/2. It can be seen that g (2) (0) and g (3) (0) decrease monotonically as J/ω c is increased. This means that the 2PB effect is more obvious for stronger coupling strength. In addition, we find that, for a smaller value of the atomic frequency ω 0 /ω c , the 2PB effect will appear at a larger value of the ratio J/ω c [ Fig. 10(b) ].
In Figs. 11(a) and 11(b), we plot the correlation functions g (2) (0) and g (3) (0) as functions of κ/ω c at different values of ω 0 /ω c in the two-photon resonance case
Here we see that g (2) (0) and g (3) (0) increase monotonically with the increasing of κ/ω c , which implies that the cavity-field decay rate weakens the 2PB effect. Furthermore, it can be seen that the 2PB effect disappears when κ/ω c > 0.005 in the resonant case ω 0 /ω c = 2 [ Fig. 11(b) ]. This is because g (3) (0) > 1 when κ/ω c > 0.005 at ω 0 /ω c = 2.
VI. CONCLUSIONS
In conclusion, we have studied the multiphoton blockade and PIT effects of the two-photon JC model in both the cavity-field-driving and atom-driving cases. We have obtained the analytical results of the correlation functions by perturbatively solving the equations of motion for these probability amplitudes. These analytical results are confirmed by numerically solving the quantum master equation including both the cavity-field and the atomic dissipations in the truncated Hilbert space. We have found that the 1PB and PIT effects can be observed in this system when the cavity mode is driven, while the 2PB cannot occur. In particular, we have shown that the 1PB effect can be enhanced by the destructive quantum interference effect between the two different paths in the non-resonant case. Furthermore, we have found that the 2PB effect can be induced by driving the atom, while the 1PB effect cannot be observed due to the single-photon transition is forbidden in this case. Our results will pave the way for the study of multiphoton quantum correlation and multiphoton quantum coherent devices. In the low-excitation subspace, a general state of the system can be expressed in the eigenstate representation as |Ψ(t) = D 0 (t)|ε 0 + D 1 (t)|ε 1 + D 2− (t)|ε 2− + D 2+ (t)|ε 2+ + D 3− (t)|ε 3− + D 3+ (t)|ε 3+ , (A.1)
where the coefficients D i (t) (i = 0, 1) and D js (t) (j = 2, 3 and s = ±) are the probability amplitudes. Based on the Schrödinger equation i|Ψ(t) =Ĥ eff |Ψ(t) , the equations of motion for these probability amplitudes can be obtained as iḊ 0 (t) = ε 0 D 0 (t) + ΩD 1 (t),
In the weak-driving case, Eq. (A.2) can be solved approximately by using the perturbation method, namely discarding the higher-order terms in the equations of motion for the lower-order variables. We assume D 0 = 1, then the steadystate solution of Eq. (A.2) can be approximately obtained by setting ∂D i /∂t = 0 and ∂D js /∂t = 0 as D 0 = 1, Note that the two expressions of the steady-state solution of D 3± are too complex to be shown here.
